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Abstract: The present report gives an analysis of the regional variations in the age-pattern 
of fertility in Sweden around 1986. Sweden has 24 counties (län) and 284 municipalities 
(kommuner). In the present report, data on births for the three years 1985, 1986 and 1987 
have been merged and related to the corresponding mid-year female populations in 1986. 
The principal aim of the paper is to show that although fertility now is hovering slightly 
above and below a net-reproduction rate of 1, there are striking differences in the age-
pattern of fertility. It is also shown that although the fertility schedules for the 24 
counties vary considerably with respect to shape, the gamma probability density function 
gives a parsimonious model of current Swedish fertility. In addition, the paper discusses 
issues relating to when it is justified to graduate the observed age-specific fertility rates. In 
order to demonstrate the differences between, on the one hand, variations in regional age-
patterns at a given point in time and, on the other, temporal changes in the age-pattern, 
reference is also made to two time series of national fertility schedules. These schedules are 
for Sweden between 1950 and 1986, and for Australia between 1929 and 1970. 
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1. INTRODUCTION 

The present paper deals principally with the regional variation in the age-pattern of 
fertility in Sweden around 1986. It is shown that whereas there is relatively little 
variation between counties in terms of the level of fertility, there is noticeable variation in 
the age-pattern of fertility. At the municipal level, both the level and age-pattern of 
fertility vary considerably. The analysis is based on the recorded births during the three-
year period 1985-87 and the corresponding mid-year populations of women. Results are 
given for the 24 counties (län) and the 284 municipalities (kommuner). 

The materials in the present report are meant as a support for studies of the age-pattern of 
fertility and, especially, as a background material for illustrating the usefulness of the 
gamma probability density function as a model of fertility. 

The discussion of the variation in the age-pattern of fertility is supplemented with two 
time series of period fertility schedules, namely the 37 annual schedules (given by five-
year age groups) for Sweden between 1950 and 1986, and the 42 annual schedules (given by 
single-year ages) for Australia between 1929 and 1970. The inclusion of these two time series 
of schedules serves the purpose of demonstrating the essential difference between, on the 
one hand, regional variation, and, on the other, temporal variation in the age-pattern of 
fertility. 

Issues relating to the graduation of age-specific fertility rates are discussed, and it is shown 
that the gamma probability density function provides a satisfactory model of current 
Swedish regional fertility. It is also shown that in the application of the gamma 
probability density function to fertility, there is noticeable regularity in the estimated 
parameters. 

Section 2 gives the basic definitions and notation used in the paper. Section 3 deals with the 
variation in fertility patterns. This discussion relates to the counties as well as to the 
municipalities. Section 4 focuses on when it is justified to graduate the observed age-specific 
fertility rates. Section 5 shows that the gamma probability density function provides and 
accurate model of current Swedish period fertility. Section 6 concludes the paper with a 
discussion. 
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2. THE AGE-PATTERN OF FERTILITY 
2.1 The age-specific fertility rate 

To begin with, we introduce the traditional measures of the level and age-pattern of 
fertility. If Bx is the yearly number of births which takes place among women aged x (in 
complete years) and Ex is the corresponding mid-year population of women, then 

(1) 

is known as the observed age-specific fertility rate for women aged x (it may also be 
referred to as the observed birth intensity for women aged x). Strictly speaking, Ex is an 
approximation to the number of person-years lived by women while at age x. In what 
follows fx always refers to an observed single-year age-specific fertility rate. To simplify 
the notation, we write fx for fx+o.5- The set of observed age-specific fertility rates 
corresponding to the ages 14, ... , 49 is referred to as the fertility schedule and is here 
denoted {fx}. 

2.2 The raw moments of the fertility schedule 

To summarize the characteristics of a fertility experience, one often makes use of the raw 
moments of the fertility schedule. Letting 

(2) 

(3) 

is the total fertility rate, and 

(4) 

is the mean and, 

(5) 

the variance of the fertility schedule, (see Coale and Trussell, 1974, p. 204 and Keyfitz, 
1968, p. 141). For simplicity we write R for RQ. When making numerical calculations, age x 
in complete years is replaced by exact age x+0.5. 

The total fertility rate R is the number of children a woman would bear if she were not 
subject to the risk of mortality before and during her fecund ages and if her fertility were 
{fx}. Her mean age at childbearing would then be p.. Although, in practice, the mean age of 
the fertility schedule |i is not the same as the mean age at childbearing (which depends on 
the age-distribution of women), \i, nevertheless, is a useful measure of the central age of 
childbearing. The variance O"̂  is a measure of the concentration of childbearing. If the 
variance is large, then this signifies that women spread their reproduction over a large 
number of years. If a^ is small, then childbearing, by and large, is concentrated to a small 
range of ages. An additional measure which helps characterize the age-pattern of fertility 
is the skewness of the fertility schedule given by 
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(6) 

The skewness is a measure of the extent to which the age-pattern of fertility deviates in 
symmetry about its mean. Fertility curves often, if not always, display positive skewness. 

It should be noted that the age-pattern of fertility is best understood in the sense of 
normalized rates, that is, as the plot of {fx/R) against x. The normalized schedule {fx/R} 
has a total fertility rate of 1. Implicit in the measures (2) - (6) is a uniform age-distribution 
of women. 

2.3 The ratios of mean parities 

The present study makes use of two additional measures of the age-pattern of fertility, 
namely the ratios of mean parities for the ages 15-19, 20-24 and 25-29 years. Letting 

denote the cumulated fertility at age x, the mean parity for women between 15 and 20 years 
is 

(7) 

that is, Pj is the average number of children born by five women aged 15,16, 17,18, and 19, 
respectively. Similarly, the mean parities for the ages 20-24 and 25-29 are 

(8) 

and 

(9) 

respectively. It will be noted that the measures (7), (8) and (9) also relate to a uniform age-
distribution of women. The ratios of mean parities 

(10) 

(ID 

are used to characterize the shape of the normalized fertility schedule. 

From a practical point of view, the ratios of mean parities pari and par2 are estimated by 
means of (10) and (11) by letting 

(12) 

and 
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respectively, where andS2 

Whereas the moment measures (2), (3) and (4) are standard ones (see e.g. Keyfitz, 1968, p. 
141), pari and par2 have their roots in indirect estimation of child mortality (see e.g. Brass 
et al. 1968, pp. 105-122 and Brass, 1975, pp. 50-59) and are intended to measure the rapidity 
with which the propensity to bear children increases with age (during early fecund ages) 
and also as indirect measures of the central location of the fertility schedule. Because of 
their importance in indirect estimation of fertility and child mortality in developing 
countries, they were included by Coale and Trussell (1974) in their model fertility 
schedules. 

3. REGIONAL FERTILITY IN SWEDEN DURING 1985-87 
3.1 Variations in the level of fertility 

As noted, the Swedish regional data used in this study are the combined births during the 
years 1985, 1986 and 1987 and the corresponding mid-year female populations. Table Al 
gives the total fertility rate, the mean, variance, skewness, and ratios of mean parities 
(pari and par2) for Sweden, the 24 counties and the 284 municipalities. This table as well 
as other main tables are located in the appendix of the present report. Table A2 which is 
restricted to the counties gives the same measures as Table Al. In Table A2, however, the 
counties are sorted in descending order with respect to the total fertility rate and the mean 
age of the fertility schedule. This table is presented mainly in order to show where each 
county, relative to other counties, is situated in terms of the level of fertility. 

The total fertility rate in Sweden around 1986 was 1.79. The mean age and the variance of 
the corresponding fertility schedule was 28.92 and 24.94, respectively (Table Al). Letting 
Lx denote the person-years lived between ages x and x+1 in the Swedish female life table 
for 1987, and fx the national age-specific fertility rates for 1985-87 (Table A3), the 
corresponding net-reproduction rate is 

Thus, given a sex-ratio at birth of about 106 boys per 100 girls, it requires a total fertility 
rate of about 2.1 to yield a net-reproduction rate of 1 girl child. The Swedish life table for 
1987 gives a life expectancy at birth for females of about 80.2 years. Using the Swedish life 
table for the year 1975, with a female life expectancy of about 77.9 years, gives a net-
reproduction rate of 1.76 = 1.8. Hence, recent improvements in the female life expectancy 
have had a relatively minor effect on the estimated net-reproduction rate. 

It would appear, then, that around 1986, the national total fertility rate was about 15 
percent lower than that required for replacement. In the most recent national population 
projections carried out by Statistics Sweden, it was assumed that a low fertility alternative 
would be a total fertility rate of 1.70. The medium alternative was a total fertility rate of 
1.83 and the high alternative was one of 1.90. These projections are based on parity 
progression ratios and lead to proportions of childless women of 20, 15 and 13 percent, 
respectively. It may well be, however, that Swedish period fertility in the near future 
recovers to the level of replacement. The total fertility rate for 1987 was 1.85, and births for 
the first half of 1988 point to a total fertility rate of about 1.95. 
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Fig. 1 shows the total fertility rate in descending order for the 24 counties. Fig. 1 is based on 
Table 1 which gives the total fertility rate in descending order as well as the basic fertility 
measures for the 24 counties. (Thus, the bar above Göteborgs and Bohus län (Fig. 1) refers to 
Stockholm's län) 

Fig. l.-The total fertility rate for the 24 counties. 

It will be noted (Fig. 1) that for all of the 24 counties, the total fertility rate is below the 
level of replacement. In other words, in each of the 24 counties current fertility, if it were to 
remain unchanged, would lead to a population decline and an associated increase in the 
proportion of elderly people1. 

If one were to give the total fertility rates with a precision of one decimal place (Table 1), 
they would vary between as little as 1.7 and 2.0. In other words there is not much variation 
in the level of fertility over the counties. With respect to the remaining measures, it is the 
skewness that varies the most. The remaining measures vary relatively little. The mean 
varies between 28.3 and 29.6, the variance between 22.2 and 27.5, the skewness between 0.30 
and 0.92, pari between 0.03 and 0.05, and par 2 between 0.20 and 0.28. In essence, it would 
appear that the variation between the county schedules primarily is due to variations in 
their variance and skewness. 

In several municipalities the total fertility rate is well above what is required for 
replacement. (As noted, a total fertility rate of about 2.1 is adequate to ensure a net 
reproduction rate of 1 girl child.) Table 2 gives the 62 municipalities, and their female 
populations as of January 1, 1988, for which the total fertility rate is at least 2.1. 

1 
The argument, of course, assumes that both mortality and fertility remain constant and that the 
populations are closed to migration. 
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Table 1 .-The total fertility rate, mean, variance, skewness, pari and par2 for 
each of the 24 counties around 1986 
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Table 2.-The 62 municipalities in which the total fertility rate is adequate for 
replacement and their female population sizes on January 1, 1988. 

The female populations in the above 62 municipalities sum to 331,226 women which means 
that in terms of the total female population as of January 1, 1988, only about 8 percent of the 
women lived in municipalities with schedules providing at least full replacement. 
Generally speaking, the 62 municipalities are in the country side, have small populations, 
and are in enclaves with sparse large-scale industrial employment. 

The 15 municipalities with the lowest total fertility rates are given in Table 3. Among 
these are the populous city-municipalities of Stockholm, Malmö and Göteborg. On the 
whole, the municipalities with the lowest fertility have relatively large populations and 
are situated in the most industrialized and labor intensive parts of the country. 
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Table 3.-The 15 municipalities with a total fertility rate below 1.70 

3.2 Variation in fertility measures 

Although for the 284 municipalities, the total fertility rate varies between a minimum of 
1.48 and a maximum of 2.61, it is below 2 in 190 (or 67 percent) of the municipalities (Table 
A2). Consequently, the large majority of the municipality schedules have total fertility 
rates between roughly 1.5 and 2.0. Within this range, there is considerable variation in the 
mean, variance and, especially, the skewness of the schedules (Table 4). 

Some of the variation is attributable to small population sizes. Even though the births 
relate to a three-year period, their numbers, nonetheless, are often so small that there is 
substantial variation in the estimated age-specific fertility rates. 

Table 4.-Measures for 284 Swedish municipality fertility schedules, 1985-87 
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3.3 Correlations between fertility measures for the regional schedules 

The extent to which the measures are interrelated can be seen by studying their 
correlations. Table 5 gives the correlation matrix for the six measures and the 284 
municipalities shown in Table A2. 

The highest correlation is between the total fertility rate and the skewness (r = 0.5793) 
which indicates that there is a clear tendency for the schedules with high total fertility 
rates to have a high degree of skewness. However, there is not, as one might have expected, 
a numerically high correlation between the total fertility rate and the mean (r = -0.1853). 
The total fertility rate is also virtually unrelated to the measures pari and par2 indicating 
that, in so far as the level of fertility is decisive for the shape of the fertility schedule, 
pari and par2 do not capture this relationship. Essentially pari appears to be related to 
the variance and skewness, and par2 is tied principally to the variance and the mean. The 
findings concerning pari and par2 are rather surprising because both pari and par2 are 
believed to be "good" indirect measures of the central location of the fertility schedule (see 
e.g. Brass et al. 1968, pp. 105-122; Brass, 1975, pp. 50-59 and Coale and Trussell, 1974). 

Table 5.-Correlations between fertility measures for the 284 municipality 
fertility schedules 

Fig. 2 and Fig. 3 show the skewness plotted against the total fertility rate and the mean, 
respectively. Fig. 4 and Fig. 5 show par2 plotted against the variance and the mean, 
respectively. Although these figures show clear tendencies of an association between the 
given measures it is clear, on the other hand, that they do not support the construction of 
regression representations. 

The reason for digressing from the main issue (that of discussing the regional age-patterns 
of fertility in Sweden around 1986) and alluding to regression representations is, of course, 
that if the correlations had been higher, it might have been possible to view the selection 
of regional fertility schedules as a selection of empirical model fertility schedules. One 
might then have established e.g. a regression representation for estimation of the mean age 
from a known value of pari and/or par2 (see e.g. Trussell, 1975). Such a regression 
representation could then, presumably, have been used in Brass-type estimation of child 
mortality (Brass, 1975). Nevertheless, even though the schedules are specific for the 
regional fertility experiences in Sweden around 1986, they yield a fairly large spectrum of 
age-patterns of fertility and can, no doubt, be used as an illuminating supplement to the 
Coale-Trussell model fertility schedules. 
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3.4 Temporal changes in the Swedish level and age-pattern of fertility 

As a further illustration of the lack of association between the level and central location in 
recent Swedish fertility, we show the total fertility rate plotted against the mean for the 
Swedish annual national fertility schedules between 1950 and 1986 (Fig. 6). The apparent 
lack of association between the mean and the total fertility rate in the regional schedules 
for 1985-87 is repeated for the this time series of national schedules. Evidently, one must 
conclude that recent Swedish period fertility is characterized by a complete lack of 
association between the central age of childbearing and the level of reproduction. 

Fig. 7 shows the changes in the mean age of the national fertility schedules between 1950 
and 1986. One will notice that the mean age has declined sharply until about 1975 when it 
began to increase dramatically. This increase in the mean age of the fertility schedule is 
seen as a result of the deferment of births (see e.g. Lundström and Springfeldt, 1988, pp. 3-5). 
As the biological clock runs out for the large cohorts of women born during the post war 
period, there is an echo of these resulting in delayed births. However, superimposed on this 
effect may also be a de facto tendency for Swedish women to increase their fertility 
relative to the very low figures for the late 1970s. Fig. 8, for example, shows a clear 
tendency for the total fertility rate in the national schedules to undergo a current increase. 
And, as already mentioned, the most recent estimate for 1988 suggests a total fertility rate 
of nearly 1.95. 

Notwithstanding the fact that there have been profound temporal variation in the level as 
well as in the age-pattern of Swedish period fertility, the changes in the level of 
reproduction for the cohorts since the 1930s have not changed very much. Indeed, the female 
cohorts born between 1930 and 1939 all have a total fertility rate (at age 45) of 2 children 
(see e.g. Qvist, 1987, p. 46) (rounding the figures to one decimal place, the exception is for 
the cohort of 1934 which reached 2.1 children at age 45). Changes in the age-pattern of 
fertility in Sweden are dealt with in further detail in Section 3.5. This Section also focuses 
on changes in the Australian age-pattern of fertility. 
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Fig. 2.-The skewness plotted against the total fertility rate for 284 municipalities 
in Sweden, 1985-87. 

Fig. 3.-The skewness plotted against the mean for 284 municipalities in Sweden, 1985-87. 
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Fig. 4.-par2 plotted against the variance for 284 municipalities in Sweden, 1985-87 

Fig. 5.-par2 plotted against the mean for 284 municipalities in Sweden, 1985-87 
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Fig. 6.-The mean plotted against the total fertility rate for Swedish national 
fertility schedules between 1950 and 1986 

Fig. 7.-The mean plotted against time for Swedish national fertility schedules 
between 1950 and 1986 
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Fig. 8.-The changes in the total fertility rate in Swedish national fertility 
schedules between 1950 and 1986 

3.5 The measures for a time series of Australian fertility schedules between 1929 and 1970 

The correlations in Table 5, on the whole, are rather small. This is probably because the 
fertility levels in the Swedish municipalities are hovering above and below the level of 
replacement. As such, the measures do not correlate to the same extent as they might for a 
time series of fertility schedules. Although this is a conjectural point of view, it is 
supported e.g. by a time series of Australian fertility schedules for the 42 annual periods 
between 1929 and 1970. The principal reason for the inclusion of these schedules in the 
present paper is that they were easily accessible in Pollard, Yusuf and Pollard (1981, pp. 
88-89). 

For the Australian time series we find that the total fertility rate correlates highly with 
the mean (r = -0.7799) (Table 6). Therefore, the lower the mean, the higher the level of 
fertility. The skewness and the total fertility rate are also highly correlated (r = 0.8636). 

One is tempted to interpret these results to the effect that a low mean age implies the 
possibility for women to increment their reproduction in terms of second, third and higher 
order births. More specifically, the manifestation of high fertility during the early periods 
of marriage, or cohabitation, means that the main bulk of first order births takes place 
while the women are young. The high skewness implies a tendency for women to replenish 
their fertility in terms of higher order births at a relatively late stage in life. 

It is, however, somewhat unsatisfactory to argue in this fashion because whereas birth 
order statistics import precise knowledge concerning these matters, fertility schedules 
which mix all birth orders do not. Moreover, because the data we work with are period 
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data, cohort reasoning is error prone because, after all, the synthetic cohort given by the 35 
mixed cohorts is very unlikely to have the fertility of any real cohort. 

Perhaps the greatest value of Table 6 is that it shows an empirical mode of temporal 
dynamics in basic fertility measures. Table 7 gives measures for the Australian fertility 
schedules similar to those in Table 4. 

Table 6.-Correlations between fertility measures for 42 Australian schedules 
between 1929 and 1970 

Table 7.-Fertility measures for 42 annual Australian schedules, 1929-70 

Fig. 9 shows how the total fertility rate varied between the years 1929 and 1970. Fig. 10 
shows a plot of the mean against the total fertility rate. It will be noted that there is a 
clear negative correlation between the two measures. Fig. 11 shows pari plotted against the 
mean age. As in the case of the Swedish regional schedules, the lack of association between 
pari and the mean is striking in view of the general belief that pari is closely related to 
the mean (see e.g. Brass et al. 1968, pp. 105-122). Fig. 12 shows par2 plotted against the 
mean. Here the association is much higher; however, even so, the data do not suggest that a 
regression representation for estimation of the mean from a known value of par2 would be 
successful. 
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Finally, in Fig. 13 we have shown the association between the total fertility rate and the 
mean for a selection of 55 empirical fertility schedules of which a large number come from 
developing countries (Hartmann, 1982, pp. 43-46). Here the association between the mean 
and the total fertility rate is the reverse of that in the Swedish and Australian schedules. 
(To illustrate this the regression line for regressing the total fertility rate on the mean is 
also shown.) The main reason for including this figure is to demonstrate that the 
relationship between the level and central location of fertility much depends on whether 
one considers a time series of national schedules, a selection of regional schedules or a 
selection of schedules from different countries and time periods. Indeed, there is not a more 
or less unique relationship between levels and shapes of fertility curves. 

There are several reasons why one should expect to find extensive variation in the age-
pattern of fertility. In developing countries, for example, improvements in mortality may 
reduce the risk of mortality due to child birth. There are situations where this could bring 
about a positive correlation between the mean age and the total fertility rate. On the other 
hand, the implementation of modern family planning practices may primarily be directed 
to older women with the effect that higher birth order births are averted whereas there is 
little or no prevention of first order births. This may result in a negative, or at least 
negligible, correlation between the mean and the total fertility rate. Then again, if 
delayed childbearing is considerable then this may impose a positive correlation between 
the mean and the total fertility rate. Therefore, it is not generally true that the age at first 
birth is "closely" related to the level of completed fertility. This is well illustrated not 
only by the Swedish regional data for 1985-87 but also by the national schedules since 1950. 
In the case of the Australian data, however, there is a clear case for arguing that such a 
relationship holds. 

Fig. 9.-The total fertility rate in Australia for the years between 1929 and 1970 
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Fig. 10.-The mean plotted against the total fertility rate for Australia, 1929-1970 

Fig. 11.-par1 plotted against the mean for Australia, 1929-1970 
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Fig. 12.-par2 plotted against the mean for Australia, 1929-1970 

Fig. 13.-The total fertility rate plotted against the mean for a selection of 55 
empirical fertility schedules 
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Fig. 14.-The variance plotted against time for the Australian schedules, 1929-1970 

Fig. 15.-The variance plotted against time for the Swedish schedules, 1959-1986 
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Fig. 16 Skewness plotted against time for the Australian schedules, 1929-1970 

Fig. 17.-Skewness plotted against time for the Swedish schedules, 1950-1986 
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In terms of changes in the age-pattern of fertility, one will notice that over time there has 
been a marked decline in the variance of the fertility schedule. Such trends can be observed 
for both Australia and Sweden (Figs. 14 and 15). (No doubt, they can be observed for most, if 
not all, industrialized societies). The decline in the variance over time means that women 
produce their children within a shorter span of years than previously. However, it does not 
necessarily mean that they produce fewer children; as already noted, in the case of Sweden 
changes in cohort fertility since the 1930s have been rather minor. 

Changes over time in the skewness can also be observed. For the Australian schedules, the 
skewness increased at a time when the total fertility rate increased (Fig. 16). For the 
Swedish schedules, the skewness has fallen together with a falling total fertility rate 
(Fig. 17). Consequently, both sets of schedules confirm a strong positive correlation between 
the total fertility rate and the skewness. In the case of Sweden, the skewness is now quite 
small. This will also appear in Section 5 where we show a number the graphs of a number of 
county fertility schedules. 

In terms of regional variation in fertility, Tables 4 and 7 clearly show that there is 
considerable variation in the age-pattern in Sweden. In Sweden around 1986, the skewness 
ranged from about zero to 2.3. In Australia between 1929 and 1970, the skewness only ranged 
between 0.3 and 0.6. In the Swedish schedules between 1950 and 1986 (Fig. 17), the skewness 
ranged between about 0.45 and 0.95. 
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4. GRADUATION AND REPRESENTATION OF FERTILITY CURVES 
4.1 Basic considerations concerning the graduation of a fertility curve 

In broad demographic contexts, the notion of graduation is often used so that the reader is 
left with a vague understanding of what is meant. Sometimes graduation refers to the mere 
process of smoothing a curve. On occasion, it refers not only to curve fitting but also to testing 
whether the fitted entities are statistically commensurate with the observed ones. 
Smoothing, generally speaking, is understood either to be done in terms of hand-fitting 
(which may be seen as the simplest approach) or in terms of more sophisticated means. In 
actuarial circles, graduation usually has a more precise meaning. For example, Haycocks 
and Perks (1955, p. 9) write, albeit in the context of mortality, that: 

The object of the process of graduation is to smooth the progression of the rates from age to age. That 
is the practical aim. The theoretical basis is the assumption that each rate contains a random error and 
that, shorn of these errors, the rates would show a smooth progression from age to age. Smoothness is 
a concept that has eluded a precise and generally accepted mathematical definition, but for actuarial 
purposes it usually means that the successive differences of the function concerned diminish and that 
third differences are small [in actuarial science, second and third order polynomials, at least in older 
literature, are referred to as smooth curves]. 

It follows as a logical consequence, that it is a technique that may, but not necessarily 
should, be employed when variation in the observed rates is clearly visible. If one has 
reason to believe that the fluctuations in the observed rates are solely due to the effects of 
randomness, then it is justified to estimate the true underlying rates by means of graduation. 
In that case, however, it is essential to test if the graduated rates are commensurate, in a 
statistical sense, with the observed ones. Consequently, graduation is a process which 
entails a statistical test of whether the graduated rates yield graduated events (births or 
deaths as the case may be) which are in statistical agreement with the observed ones. 

In situations where the population at risk is large, the variance in the age-specific birth 
rates, say, may be virtually nil so that even a model curve that nearly coincides with the 
observed one leads to a rejection of the test that observed and graduated births are drawn 
from the same parent population. In that case, it does not follow that one should dismiss 
the outcome of the smoothing experiment because, after all, it may be of interest in its own 
right that the model curve displays the same overall feature as the observed one. To avoid 
confusion, however, one should not refer to the model curve as a graduating curve; for the 
exercise is not one of graduation, but one of representing the observed curve by means of a 
model curve. The model curve may derive from spline fitting, polynomial fitting, hand-
drawing, fitting a parametric function, or from some other procedure. The heart of the 
matter is not how the model curve is constructed but the conceptual purpose it serves. 

In this paper we see the process of graduation as one that applies to fertility schedules 
which display visible random variation. Now, it is not by any means obvious that all the 
variation displayed by the rates stem from the effects of randomness. But, in the vast 
majority of cases, it is simply not possible to determine which other factors operate on the 
rates. It is a convenient assumption, then, to assume that all variation is due to randomness. 

As one proceeds from small populations of women to larger ones, there is a clear tendency for 
the rates to display a decreasing amount of randomness. The questions that springs to mind 
is when one should see the rates as smooth in their own right. Fig 11 illustrates this 
situation. The figure shows the plots of the fertility rates against age for Sweden (4,252,741 
women), the county of Stockholm (829,020 women) and the municipality of Arjeplog (1,808 
women). 

The curve for Sweden is smooth. The curve for the county of Stockholm displays some minor 
ragged features. This raggedness is not necessarily attributable to the effects of random 
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variation. Whether one should apply graduation to such a curve is a moot point. In fact, 
whether the observed or a set of nicely smoothed rates should be used when projecting the 
population of the county of Stockholm, for all practical purposes, must be a matter of 
splitting hairs. With respect to the municipality of Arjeplog, the situation is different. 
Here we see the typical random features of a fertility curve derived from a small 
population of women. Here the purpose of graduation is to estimate the true underlying 
rates. More specifically, if we imagine that the random mechanism which generated the 
observed schedule for Arjeplog were to operate a large number of times, then, by taking an 
average of a large number of schedules, we would eventually arrive at an average schedule 
which is perfectly smooth. It is the purpose of graduation to capture this imaginary 
average schedule which gives the true underlying rates. 

Fig. 18.-Normalized fertility schedules for Sweden, the county of Stockholm and 
the municipality of Arjeplog. 

In further support of the discussion, we quote Hoem and Berge (1974, p. 363) who write: 

"The diagram of age-specific fertility rates for a population, based on data for a calendar period, say, will 
typically picture a curve which looks much like a left-skewed unimodal probability density, such as a 
gamma density or some of the beta densities (starting just below age 15), for instance but with 
superposed fluctuations. Unless the population is very large, the diagram of the sequence of fertility 
rates, plotted against age, will have quite a ragged appearance [see Fig. 18 above]. It is frequently 
assumed that "real fertility" would be portrayed by a smooth curve and that the irregularities of the 
observed curves are due to accidental circumstances. The observed fertility rates are then regarded as 
"raw" or primary estimates of the underlying "real" rates, and graduation is employed to get a smoother 
curve." 

Graduating the rates, then, is an exercise which should be seen partly in the perspective of 
how large the underlying population of women is, partly in the perspective of the 
particular purpose that the graduated rates are meant to serve. It does not follow from 
these considerations, however, that it is meaningless to fit a parametric model to the 
national rates. For example, if this exercise is meant to show that the national rates, in an 
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impressionistic sense, are closely modeled by a parametric curve, then this might be of 
considerable interest in its own right. Furthermore, in the context of making population 
projections, a parametric representation of the fertility curve, even if it introduces a 
significant bias, may be an aid in understanding the extent to which different shapes of the 
fertility curve may lead to differences in the projected figures (subject to a fixed total 
fertility rate). (Putting it differently, it is easier to manipulate the shape of a parametric 
curve, by varying the parameters, than it is to manipulate the shape of an observed curve.) 

As previously noted, the demographic literature has a somewhat obtuse attitude towards 
the purpose of graduation. For instance, in the now classic Methods and Materials of 
Demography (Shryock and Siegel, 1971, p. 813), it is noted that methods of graduation, 
interpolation and extrapolation (based on mathematical functions) often modify the raw 
measures greatly, substituting for them an idealized model of reality. It is also noted that 
graduation techniques only are justified if the basic data are essentially reliable and the 
analyst's task is merely to remove the effects of random deviations from the true underlying 
values. 

The problem with this outline is that, in our view, it does not distinguish clearly between 
two important cases, namely (1) that the rates derive from a large population and display 
a smooth curve, and (2) that the rates derive from a small population and display typical 
features of randomness. In the first instance, a fitted curve should be referred to as a 
representation of the observed curve, in the second instance, the fitted curve, depending on 
how well it fits the observed curve, could be referred to as a graduated curve. To illustrate 
this point, we quote Hoem et al. (1981, p. 231) who, when modeling Danish fertility curves 
write: 

"We confine our interest to the use of a parametric function to provide an accurate, smooth, and 
parsimonious representation of a known set of fertility rates for single-year age groups in a situation 
where random variation in the "raw" rates can be disregarded." 

We now turn to a discussion of parametric functions used to represent or graduate fertility 
curves. 

4.2 Statistical attempts to model the fertility curve 

Statistical attempts to model the fertility schedule by means of parametric functions can be 
traced back to the 1930s when Wicksell (1931) and Lotka (1939) graduated the net 
maternity function by means of probability density functions. Wicksell (1931) showed in an 
often quoted paper that the gamma density can be used as a model of the typical age-
pattern of fertility. Lotka preferred to work with the normal density function (see e.g. 
Keyfitz, 1968, pp. 140-143), and Hadwiger (1940) and Hadwiger and Ruchti (1941) 
presented and demonstrated an ingenious parametric function for graduation of the net 
maternity function (see also Gilje, 1969, p. 118; and Keyfitz, 1968, pp. 140-169). 

It is not amiss to note that there is an important conceptual difference between the models 
proposed by Coale and Trussell (1974) and those proposed by Wicksell, Lotka and 
Hadwiger. While Wicksell, Lotka and Hadwiger focused on graduation of the net 
maternity function, the approach taken by Coale and Trussell was one of identifying 
typical age-patterns of human fertility as well as to provide a measure of the degree of 
fertility control. In addition, it should be noted that the main spheres of application 
probably were intended to be in reconstruction of fertility schedules from historical records 
and in indirect estimation of fertility and child mortality in developing countries. 

Although the model fertility schedules proposed by Coale and Trussell must be deemed 
very successful, we have chosen not to elaborate with them in the present context. The basic 
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reason for this is that we wish to show that the much simpler gamma probability density 
function provides a parsimonious description of Swedish fertility (and, presumably, of all 
low fertility schedules). 

4.3 The gamma probability density function as a model of fertility 

The gamma probability density function 

(13) 

with 

gives a model of the normalized fertility schedule {fx/R}. 

The mean and variance of (13) are u. = d+ k/c and a^ = k/c^, respectively. The i:th central 
moment for the gamma distribution is Uj = k(k+l)...(k+i-l)/ci. The skewness is y= Ug/a-^ = 

2/Vk. 

To model an empirical schedule {fx}, one lets 

(14) 

and estimate 9 = ( R, c, k, d) by minimizing 

(15) 

with respect to 0. In the present study, the non-linear module in (Macintosh) SYSTAT has 
been used to minimize (15). The starting values for minimization of (15) are the moment 
estimates R, c = u/a^ and k = \i^/a^. The starting value of d was usually taken to be 10 years. 

A 
Denoting the estimated parameters by 0, the fitted rates are obtained from (14) by letting 

From a theoretical point of view, it should be noted that whereas g(x; c, k, d) is a 
* A 

probability density function, the observed rates fx are intensities, and f = h(x; 0 ) gives 
their model representation. The raw rate fx = Bx/Ex may be considered asymptotically 
normally distributed with estimated mean B x /E x and estimated asymptotic variance 
fx/Ex. In addition, the fx may be considered asymptotically independent (see e.g. Hoem and 
Berge, 1974, p. 365). 

Consequently, and assuming that fx is not zero, 
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(16) 

follows approximately a Chi-square distribution with N - j degrees of freedom where N is 
the number of ages and j is the number of parameters (here 4). If the schedule covers the age 
range 14 to 49 years, (16) has 36 - 4 = 32 degrees of freedom. (As noted, in situations where fx 

is zero for some of the ages, these are deleted in the calculation of Q.) 

4.4 An application to the municipality of Dais-Ed 

Dais-Ed is a small community with a total female population of 2,641 (as of January 1,1988) 
in the county of Älvsborg. The total fertility rate for the three-year period 1985-87 is R = 
1.81 (see Table Al). Because of the small population of women, it is evident that the age-
specific fertility rates display large variation and may call for graduation if, for example, 
they were to be used in a projection of the future population of Dais-Ed. Table 8 gives the 
observed rates for Dais-Ed. Using these rates for estimation of R, c, k, and d, minimization 

of (15) over the ages 14.5 to 49.5 yields R = 1.8022, c = 0.4816, k = 6.8169 and â = 14.5. The 
observed and fitted rates together with the individual contributions for Q appear in Table 
8. Fig. 19 shows the observed and fitted rates . In an impressionistic sense, it would appear 
that the fit is acceptable. This is also confirmed by testing if the observed and fitted rates 
are commensurate with the same underlying experience. 

The test variable Q follows approximately a Chi-square distribution with N' - 4 degrees of 
freedom where N' is the number of ages for which the observed rate is different from zero, 
that is, we exclude the ages for which the recorded births are nil. Here N' = 26 (Table 8) so 
that the number of degrees of freedom is 22. The result of the test variable Q = 13.97 which 
is well below the 5 percent limit of about 33.9. 

Fig. 19.-Observed and fitted rates for the municipality of Dais-Ed 
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Table 8.- Observed and fitted age-specific fertility rates for the municipality 
of Dais-Ed, 1985-87. 
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5.0 MODELING SWEDISH PERIOD FERTILITY AROUND 1986 
5.1 Modeling the national fertility schedule 

In this section we show that the gamma probability density function gives close fits to the 
Swedish regional fertility experiences around 1986. As we have already noted, there are 
situations where one must carefully distinguish between graduating or modeling the 
observed fertility curve. Because the counties have fairly large population sizes and, in 
addition, the age-specific fertility rates are estimated from births taking place over a 
three-year period, the observed curves, with the exception of that of Gotland (Fig. 25), are 
almost smooth. Hence, fitting (14) to the observed rates is not an exercise in graduation but 
one of showing that, in an impressionistic sense, the chosen model curve gives an adequate 
fit to the observed rates. 

Although there is some latitude for discussing what is a "good" fit, one must bear in mind 
that in the case of large populations, there is no generally accepted standard for what is, or 
is not, a close fit. Actually, the most common way of inspecting the goodness of fit appears to 
be by eye balling the diagram of observed and fitted rates. There is nothing improper about 
such a procedure; it is simple and expedient, and it leads to a fast decision as to whether one 
should accept the fitted rates as sufficiently accurate. 

The observed and fitted curves for Sweden are given in Fig. 20. The births, mid-year 
populations, observed and fitted fertility rates are given in Table A3. The fitted curve has 

estimated parameters R = 1.8101, c = 0.8596, k = 20.1210 and d = 5.5854. Certainly, it would 
appear that the fitted curve captures the essential characteristics of the observed one. 
However, a careful inspection of the curve reveals that the fitted rates for ages above 40 
years tend to be too high. This, regrettably, is a general feature of using the gamma 
probability density function as a model of fertility. Nevertheless, for practical purposes, 
the bias in the fitted rates over age 40 is of little or no importance. (In fact, it would be the 
feature of a good model that it would fail in providing a close fit to the rates of the least 
interest, namely the rates for women approaching the end of their reproductive ages.) With 
respect to the remaining part of the curve, the fit is quite close (Fig. 16). Notice, however, 
that for very young women, the fitted rates do not coincide as nicely as for women between 
20 and 40 years, say. Then again, the rates for women below 20 are usually quite small so 
that even if the fit is rough, it remains adequate for most practical applications. 

In modeling the fertility curve for the county of Stockholm (Fig. 21), the general failure of 
the gamma probability density function to capture the age-pattern of the rates for women 
above age 40 is clearly brought out. However, as we have already noted, this failure is not 
serious when we bear in mind that both the observed and fitted rates are very small. 
Incidentally, and in comparison with all the regional fits, Fig. 21 displays an unusually 
poor fit. Hence, in the context of using the gamma probability density function as a model of 
Swedish regional fertility, the fit to the schedule for the county of Stockholm provides a 
lower limit of the ability of this function to portray the age-pattern of fertility. 

In the case of modeling the fertility curve for the county of Uppsala (Fig. 22), the tour de 
force of the gamma probability function is brought out in full. Here, apart from the usual 
failure of giving a close fit to the rates for women aged 40 and over, the fit is most 
satisfactory. 

Fig. 23-27 show additional fits to the county schedules for Kronoberg, Blekinge, Gotland, 
Halland, and Norrbotten. 
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Fig. 20.-Observed and fitted age-specific fertility rates for Sweden 1985-87 

Fig. 21.-Observed and fitted rates for the county of Stockholm, 1985-87 
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Fig. 22.-Observed and fitted rates for the county of Uppsala, 1985-87 

Fig. 23.-Observed and fitted rates for the county of Kronoberg, 1985-87 
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Fig. 24.-Observed and fitted rates for the county of Blekinge, 1985-87 

Fig. 25.-Observed and fitted rates for the county of Gotland, 1985-87 
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Fig. 26.-Observed and fitted rates for the county of Halland, 1985-87 

Fig. 27.-Observed and fitted rates for the county of Norrbotten, 1985-87 
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Based on Figs. 20-27, it would appear that the gamma probability density function provides 
an accurate model of current Swedish period fertility. In fact, over the years, (14) has 
become an increasingly realistic model of the fertility schedule. Table A4 gives 

where fx is the observed and f is the fitted rate, for each of the 37 annual fertility 

schedules for Sweden between 1950 and 19862. These schedules are given by five-year age 
groups of women. An inspection of Table A4, which gives the estimated parameters for each 
of the schedules as well as the corresponding sum of squared deviations, indicates that the 
sum of squared deviations has decreased dramatically over time; hence, over time, (14) has 
become an increasingly realistic model of Swedish fertility (Fig. 28). (Notice that S for 
each of the Swedish schedules between 1950 and 1986 is a sum of 7 squared deviations 
because we used the schedules given by five-year age groups of women). Figs. 29 and 30 
illustrate the improvements in the goodness of fit between 1955 and 1964. (From 1964 and 
onwards, the fitted and observed rates virtually fall on top of one another in the diagrams.) 

With respect to the Australian schedules, a similar finding applies (Fig. 31). Table A5 
gives the estimated parameters for each of the Australian schedules as well as the sum of 
squared deviations (now based on 35 squared deviations since the schedules are given by 
single-year ages of women). Around 1940, after a long decline in the level of Australian 
fertility, the goodness of fit improved but as fertility rose during 1940-60, the goodness of fit 
decreased. However, after 1960, the age-pattern in Australia has come close and closer to 
that determined by (14). 

There is reason to expect, then, that in a general perspective, the gamma probability 
density function is a particularly reliable model of fertility when fertility is close to the 
level of replacement. Incidentally, in modeling Danish fertility curves for 1962 to 1971 
Hoem et al (1981, pp. 231-244) also reach the conclusion that the gamma probability 
density function fares extremely well in comparison with other models e.g. the Hadwiger 
model and the model of Coale and Trussell (see in particular Hoem et al. 1981, p. 234). 

2 

Table A4 gives 10" times the sum of squared deviations 
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Fig. 28.-Goodness of fit for Swedish national fertility schedules between 1950 and 1986 

Fig. 29.-Observed and fitted age-specific fertility rates for Sweden, 1955 
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Fig. 30.-Observed and fitted age-specific fertility rates for Sweden, 1964 

Fig. 31.-Goodness of fit for Australian fertility schedules between 1929 and 1970 
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5.2 Interpreting the parameters in the gamma probability density function 
as parameters of fertility 

It should be noted that in this paper the parameters R, c, k and d in (14) have been 
estimated jointly by means of the non-linear module in Macintosh Systat. Hence, we have 
not retained the observed value of R as the final estimate of R. Table 9, which gives the 
estimated parameters along with the raw moments R, u. and cp-, shows that there is a 

A 
slight difference between R and R. This difference should not be misconstrued in the sense 

A 
that it is interpreted as an error. Both R and R are estimates of the total fertility rate. R is 

A 

a moment estimate while R derives from the minimization of (15). Likewise there is a 
small difference between the mean and variances in the observed and fitted curves (see e.g. 
Hoem and Holmbeck, 1975). 

It stands to reason that one would like to interpret the parameters in (14) in terms of basic 
fertility characteristics. Unfortunately this is not so easy. For example it is tempting to 
interpret d as a measure of the start of childbearing (and this is often the way it is 
interpreted). An inspection of Table 9 reveals that such an interpretation is invalid. The 
same conclusion is drawn from inspecting Table A4 and Table A5 which give the estimated 
parameters for Sweden 1950-86 and Australia, 1929-70, respectively. Parameter d is, as we 
shall see, principally a measure of the skewness of the fertility curve. 

Because the skewness of the model curve is y = 2/Vïc, it is clear that k should be seen 
exclusively as a measure of the skewness of the fertility curve. It is not clear, however, how 
one should interpret c. This parameter correlates poorly with the mean and with other 
characteristics in the observed curve. Parameter d, on the other hand, is closely tied to the 
skewness of the curve. Figs. 32 and 33 show d plotted against c and k, respectively. In Fig. 
33, especially, it becomes clear that there is an almost perfect linear relationship between 
k and d. Hence, d as well as k, are principally geared to the skewness of the curve. Because 
the skewness has decreased in both the Swedish and the Australian national schedules, 
the estimates of d over time have shown a decreasing tendency (this is illustrated in Fig. 
37). 

With respect to the parameters c and k they almost always hang together in a more or less 
linear manner. Fig. 34 shows a plot of k against c for the Swedish regional schedules. This 
parameter trace is typical of fertility. Fig. 35 shows the result of plotting k against c for the 
national Swedish schedules, 1950-86. Fig. 36 shows c plotted against time for the Swedish 
national fertility schedules between 1950 and 1986. It will be seen that c has changed in a 
relatively linear manner. The same applies to k. Hence, in some situations, it may be 
possible to project fertility trends by means of specifying c and k as functions of time. 

Fig. 38 shows a plot of k against c for the Australian schedules. Here there is a great deal of 
fluctuation at the beginning of the series. However, towards the end of the period, there is 
a clear linear trend between c and k. Finally, in Fig 37 we have plotted estimates of d 
against time for the Swedish national schedules between 1950 and 1986. 
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Table 9.-Observed and estimated parameters in modeling the 25 country fertility 
schedules for Sweden, 1985-87 
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Fig. 32.-Estimates of d plotted against estimates of c for 25 Swedish county 
fertility schedules, 1985-87 

Fig. 33.-Estimates of d plotted against estimates of k for 25 Swedish county 
fertility schedules, 1985-87 
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Fig. 34.-Estimates of k plotted against estimates of c for 25 Swedish county 
fertility schedules, 1985-87 

Fig. 35.-Estimates of k plotted against estimates of c for Swedish national fertility 
schedules between 1950 and 1986. 
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Fig. 36.-Estimates of c plotted against time for Swedish national fertility 
schedules between 1950 and 1986. 

Fig. 37.-Estimates of d plotted against time for Swedish national fertility 
schedules between 1950 and 1986 
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Fig. 38.-Estimates of k plotted against estimates of c for the Australian 
schedules, 1929-1970 



45 

6. DISCUSSION 
6.1 Variations in regional fertility 

The fertility schedules for the 284 Swedish municipalities relating to the three-year 
period 1985-87 display considerable variation not only with respect to the level of fertility 
but also with respect to age-patterns. The total fertility rate varies between 2.6 and 1.5. In 
terms of variation in the age-pattern of fertility, it is especially the skewness that varies 
across municipalities. 

At the county level, there is not much variation in the level of fertility. The total fertility 
rate varies between 2.0 and 1.7. Hence, at the moment, all the county schedules result in 
inadequate reproduction. It may well be, however, that in the near future national Swedish 
period fertility recovers to the level of reproduction. In recent years, the total fertility rate 
has increased markedly and is about 1.95 for the first half of 1988. 

The variation in the age-pattern of fertility is quite considerable. This means that 
although national fertility is about 15 percent below the level of reproduction, this does not 
imply a more or less constant regional age-pattern of fertility. Finally, it should be noted 
that, over time, there has been a remarkable decline in the variance of the national 
fertility curves. This is illustrated by both the Australian and Swedish time series of 
fertility schedules. In other words, in the two time series, the national schedules have 
become increasingly narrow - and display relatively little skewness (although the 
skewness varies considerably over the Swedish municipalities). Hence, the compensatory 
effect of delayed childbearing does not show up in the current national schedule for Sweden. 
However, as already noted, period schedules which mix all birth orders do not facilitate a 
detailed analysis of delayed childbearing. 

6.2 The gamma probability density function as a model of fertility 

The paper demonstrates that the gamma probability density function appears to be a useful 
model of current Swedish fertility. This is not a new finding in as much as Statistics Sweden 
already has used it for smoothing the municipal age-specific fertility rates. The smoothed 
rates, however, are only available in printouts from the Population Division in Örebro. But, 
whereas the present paper uses the four-parameter specification (14) and estimates the 
parameters jointly by means of the non-linear module in (Macintosh) Systat, Statistics 
Sweden has made use of a somewhat simpler procedure whereby parameter d is fixed and 
the estimate of the total fertility rate is the raw estimate R. Although we have not 
evaluated the differences in goodness of fit between these two approaches, it is fairly 
obvious that (14) on account of its additional parameter d and the refined estimation 
procedure used in the present study gives a closer fit than the simpler method used by the 
Population Division in Örebro. 
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The paper shows that over time the gamma probability density function has become an 
increasingly accurate model of fertility. A time series of Australian as well as Swedish 
schedules have been used to demonstrate this important finding. Again, the finding that 
the gamma probability density function gives a close fit to low fertility is not new since 
Hoem et al (1981) show that this function gives close fits to recent Danish fertility curves. 
Furthermore, it is a model which has deep roots in actuarial/demographic work because of 
its well-known ability do portray observed fertility curves. The new elements in the present 
paper are that (1) over time, there has been a remarkable improvement in the fits and (2) 
the estimation of the parameters is not carried out by the common method of moments but 
have been estimated jointly by means of minimizing (15). In addition the paper outlines 
when one should refer to the smoothed rates as graduated and when one should prefer to see 
the fitted rates as model rates which, in an impressionistic sense, portray the observed 
curve well enough for practical use. 

It is also shown that the estimated parameters behave in a regular manner. For example 
the estimates of c and k are more or less linearly related and both c and k vary in an almost 
linear manner with time. This means that a projection model of fertility might be based on 
time specifications of c and k. This possibility has not been explored in the present paper. 
With respect to parameter d it is shown that it should not be interpreted as the starting age 
of fertility since estimates of d often are much below 15. It would appear that d essentially 
is related to the skewness of the observed fertility curve. 

6.3 par1 and par2 as estimators of u. 

Although not of intrinsic interest in a study of Swedish regional fertility, we have included 
a time series of Australian fertility schedules from between 1929 and 1970. This time series 
brings out some interesting features. For example, it shows that the ratios of mean parities 
pari and par2 do not correlate very well with the mean of the schedules. More specifically, 
reasonably accurate estimation of \i from either pari or par2 or, perhaps, from both pari 
and par2 is not supported by this time series. A similar finding is obtained by studying the 
Swedish regional schedules from 1985-87. To our knowledge, it has not previously been 
shown that empirical fertility data only lend limited, or even doubtful, support for using 
pari and/or par2 as estimators of u. This is an important finding in the context of Brass 
estimation of child mortality in developing countries. 

Another interesting feature brought out by the time series of Australian schedules is, as 
indeed one might expect, that the correlations between the fertility measures are much 
higher in a temporal than in a regional perspective. The significance of this finding is that 
one should distinguish between, on the one hand, regional and, on the other, temporal 
variation in the age-pattern of fertility. Putting it differently, the transition of one 
national age-pattern into another over time is a smoother or more gliding process than that 
of transitioning across regional age-patterns of fertility.This, of course, is especially true in 
the case of small regions. 
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6.4 Population projections at the municipal level 

One of the reasons for undertaking the present study was to see if the municipal fertility 
schedules could or, in fact, should be used for making population projections at the 
municipal level. Because of the large variation in municipal fertility, it would appear that 
using the national fertility schedule invariably would result in an unnecessary error. After 
all, the individual municipal schedules have age-patterns much different from the 
national one. The extent to which use of the national schedule in municipal projections 
would distort the results has not been investigated. Indeed, this would be a formidable 
task. 

But, if the purpose of the projections were to project (at the municipal level) the future 
number of children in need of day care centers and schooling, then it seems obvious that use 
should be made of the municipal schedules. In that case, however, it is essential that the 
schedules are graduated as otherwise the projected figures very well might deviate 
drastically from the observed future ones. 
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Variations in the age-pattern of fertility in Sweden around 1986 
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Table A1 .-Regional fertility measures for Sweden, 1985-87 
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Table A1 .-Regional fertility measures for Sweden, 1985-87, Cont'd 
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Table Al .-Regional fertility measures for Sweden, 1985-87, Cont'd 
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Table Al .-Regional fertility measures for Sweden, 1985-87, Cont'd 
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Table Al .-Regional fertility measures for Sweden, 1985-87, Cont'd 
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Table Al .-Regional fertility measures for Sweden, 1985-87, Cont'd 
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Table Al .-Regional fertility measures for Sweden, 1985-87, Cont'd 
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Table Al .-Regional fertility measures for Sweden, 1985-87, Cont'd 
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Table A2.- Regional fertility ranked with respect to the total fertility rate and 
the mean age of the fertility schedule 
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Table A2.-Regional fertility ranked with respect to the total fertility rate and 
the mean age of the fertility schedule, Cont'd 
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Table A3.-Births, mid-year population of females, observed and fitted age-specific 
fertility rates for Sweden during the three-year period 1985-87 
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Table A4.-Estimated parameters and sum of squared deviations in fitting the gamma 
probability density function to observed five-year age-specific fertility 
rates for Sweden, 1950-86 



18 

Table A5 .-Estimated parameters and sum of squared deviations in fitting the 
gamma probability density function to age-specific fertility rates 
for Australia, 1929-70 
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